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1. Classification questions (easy):

Determine the order of the following PDEs for a function U(x, y), u(x, y), ψ(x, t), or Ψ(x, y, z).
Decide if they are linear or not, and if linear, whether or not they are homogeneous.
If nonlinear, decide whether or not they are quasi-linear.

(a) aUxx + bUyy = 0, where a, b ∈ R are non-zero.

(b) xUx + yUy = 0, where x, y ∈ R are non-zero.

(c) aUUxx + bUxUyy = 0, where a, b ∈ R non-zero.

(d)
∂3U

∂2x ∂y
− ∂U

∂y
= x2 + y2

(e) x2Uyy − yUx = U .

(f) x2Uyyyy − yUx = U2.

(g) −i∂tψ = 1
2m
∇2ψ + V (x)ψ.

(h) uxxuyy − u2xy = f(x, y, u, ux, uy).

(i) Uxx + y Uyy = 0 .

(j) (∇2)2 Ψ :=
[
∂2x + ∂2y + ∂2z

]2
Ψ = 0.

2. Find general solutions U(x, y) to the following PDEs (straightforward):

(a)
∂U

∂x
= x2 − y2.

(b)
∂U

∂x
− ∂U

∂y
= exe−y. [Make an appropriate change of variable.]

(c) Uxx = sin y.

3. Find general solutions U(x, y) to the following PDEs (some mild thinking required):

(a) aUx + bUy = 0.

(b) Ux gy(x, y)− Uy gx(x, y) = 0. (Treat g(x, y) as given.)

(c) Uxxyy = 0.

(d) Uxx = y Ux + xy.
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4. Eliminate the arbitrary functions from the following and so obtain partial differential equations
of which they are the general solution (very straightforward):

(a) v = g(x2 + y2).

(b) v = f(x2 − y2).
(c) v = f(x2 − y2) + g(x2 + y2).

(d) v = h(2x− y)− g(2x+ y).

5. Euler equation: Elliptic/Parabolic/Hyperbolic (straightforward)

Determine the Euler type (i.e. elliptic, hyperbolic or parabolic) of each of the following PDEs;
and obtain the general solution in each case:

a. 3Uxx + 4Uxy − Uyy = 0.

b. Uxx − 2Uxy + Uyy = 0.

c. 4Uxx + Uyy = 0.

d. Uxx + 4Uxy + 4Uyy = 0.

e. Uyy + 2Uxx = 0.

6. Euler PDE (some mild thinking required)

Starting with the constant-coefficient Euler PDE

a Uxx + 2h Uxy + b Uyy = 0,

show that there is a change of independent variables (x, y) → (X, Y ), somewhat different from
the change of variables considered in class, such that in terms of the new independent variables

UXX + ε UY Y = 0,

where ε ∈ {−1, 0,+1}.
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Tutorial exercises — Week 2

1. Determine the order of the following PDEs for a function U, Y , u, or v in terms of x, y or x, t.
Decide if they are linear or not, and if so, whether they are homogeneous. If nonlinear, decide
whether or not they are quasi-linear.

(a) Ut − UUxx + 12xUx = U .

(b) Yxxx − cosY = Yt.

(c) Yxx + cos(xy)Yyxy = Y + ln(x2 + y3).

(d) utt − α2uxx = β2uxxtt.

(e) uxy +
α ux − β uy

x− y
= 0.

(f) 2utx + ux uxx − uyy = 0.

(g) uxx +
c2 y2

c2 − y2
uyy + y uy = 0.

(h) ut + ux + uux − uxxt = 0.

(i) ∂t~v + (~v · ~∇)~v = ν∇2~v.

(j) ~∇ · ~v = 0.

2. Find general solutions U(x, y) to the following PDEs:

(a)
∂U

∂y
= sinxy.

(b)
∂U

∂x
+ 2

∂U

∂y
= 0. [Make an appropriate change of variable.]

(c) Uxy = 1. [Does it matter which order you integrate?]

3. Find general solutions U(x, y) to the following PDEs:

(a) Uxy = y U3
x .

(b) Uxy = xy Uy.

(c) Uxy = y Uy + x3y2.

(d) Ux = Uy.

4. Eliminate the arbitrary functions from the following and so obtain partial differential equations
of which they are the general solution:

(a) u = f(x+ y).

(b) u = g(xy).

(c) u = f(x+ y) + g(x− y).

(d) u = xn h(y/x).
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Tutorial exercises — Week 3

1. Euler Equation: Elliptic/Parbolic/Hyperbolic

Determine the Euler type (i.e. elliptic, hyperbolic or parabolic) of each of the following PDEs,
and obtain the general solution in each case:

a. Uxx + 4Uxy + 4Uyy = 0

b. Uxx + 2Uxy + Uyy = 0.

c. Uxx + 4Uyy = 0.

d. 4Uxx + 4Uxy + 4Uyy = 0.

e. Uyy + 4Uxy + Uxx = 0.

2. Check that if u1, . . . , um are solutions of the heat equation σ2uxx = ut for 0 < x < L and t > 0,
with boundary conditions u(0, t) = u(L, t) = 0 for all t > 0, and c1, . . . , cm are constants, then
u = c1u1 + · · ·+ cmum also satisfies the equation and the BCs.
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