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1. Euler Equation: Elliptic/Parbolic/Hyperbolic

Determine the Euler type (i.e. elliptic, hyperbolic or parabolic) of each of the following PDEs,
and obtain the general solution in each case:

a. Uy +4U,, +4U,, =0

Solution:
1 2
2 4

Find roots of 1+ 4z + 422 = 0, that is (1 + 22)* = 0.

Repeated root z = —%.

General solution is U = F(z — 3y) + (z 4 ¢) G(x — 3y) for any ¢ # —3.

Might as well take ¢ = 0 so that U = F'(2z — y) + x G(2x — y).

Can always check by differentiating.

b. Upy + 2Usy + Uy, = 0.

Solution:
11
11

Find roots of 1+ 2z + 2% = 0, that is (1 + 2)? = 0.

Repeated root z = —1.

General solution is U = F(xz —y) + (z + ¢) G(z — y) for any ¢ # —1.

Might as well take ¢ = 0 so that U = F(x —y) + 2 G(z — y).

Can always check by differentiating.
¢. Upy +4U,, = 0.

Solution:
10
0 4
Find roots of 1 + 0z 4 422 = 0, that is 422 = —1.

Distinct complex roots z = i%.

General solution is U = F(z + ty) + G(z — iy).

Might as well rescale and take U = F(2z + iy) + G(2z — iy).
Can always check by differentiating.

det { } = (0. Therefore parabolic.

det { ] = (0. Therefore parabolic.

det { ] =4 > 0. Therefore elliptic.



d. AU,y + AU, + 4U,, = 0.

Solution:

det [ ;l i ] = 12 > 0. Therefore elliptic.

Find roots of 4 4+ 4z + 422 =0, that is 1 + 2z + 22 = 0.

Distinct complex roots z = —% + %3

General solution is U = F(z + [—3 + “f] )+ Gz +[-1 - i]y)

1
2
Might as well rescale and take U = F(2z 4 [—1 + i7/3]y) +
Can always check by differentiating.
e. Uy +4U,y + Uy = 0.
Solution:

1 2
2 1

Find roots of 1 +4z 4 22 = 0.

Distinct real roots z = —2 + /3.

General solution is U = F(z + [-2 +V3]y) + G(x + [-2 — V3]y).
Can always check by differentiating.

G2z + -1 —iv3Jy).

det { } = —3 < 0. Therefore hyperbolic.

2. Check that if wuq,...,u, are solutions of the heat equation 0?uy, = u; for 0 < x < L and t > 0,
with boundary conditions u(0,¢) = u(L,t) = 0 for all ¢ > 0, and ¢y, ..., ¢, are constants, then
U= ciuy + - - - + ¢y, also satisfies the equation and the BCs.

Solution:
Pretty much obvious.
The heat equation is 2"¢ order linear and homogeneous.

Therefore, if the individual functions u; satisfy the heat equation,
then so does the arbitrary linear combination u = ciuy + - - - + ¢ Up,.

Furthermore, note that the quoted boundary conditions are also linear and homogeneous.
QED.




