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Topics:

@ Administrivia

© General solutions

© d'Alembert’s solution

@ Variable-coefficient Euler PDE
© Separation of Variables

© Fourier series
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Administrivia
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F- G
@ Lectures:

o Monday; 12:00-12:50; MYLT 102.
e Tuesday; 12:00-12:50; MYLT 220.
o Friday; 12:00-12:50; MYLT 220.
@ Tutorial:

o Thursday; 12:00-12:50; MYLT 220.
@ Lecturers:
o Part 1: Matt Visser.
o Part 2: Dimitrios Mitsotakis.
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General solutions:

General solutions
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General solutions:

Two absolutely essential general solutions to memorize:

o Laplace’s equation:

General solution:

@ Wave equation:

General solution:

[ Ua+Uy=0. |

U(x,y) = F(x +iy) + G(x — iy). ‘

U —Up=0. |

U(x,t) = F(x + ct) + G(x — ct). |

Related issues: the Euler PDE...
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d'Alembert’s solution:

d’Alembert’s solution
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d'Alembert’s solution to the wave equation:

@ Wave equation:

C2 Uxx_ Utt =0.

@ Boundary conditions:

Vx U(x,0) = f(x),

Vx Ue(x,0) = g(x).

@ General solution:

U(x,t) = F(x + ct) + G(x — ct). |

@ Specific solution:

x—+ct

Ulx,t) = %[f(x +et) + F(x — ct)] + % / )
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Variable-coefficient Euler PDE:

Variable-coefficient Euler PDE
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Variable-coefficient Euler PDE:

Definition

The generalized (2-dimensional) variable-coefficient Euler PDE is
a(X7}/) Uxx+2h(x7}/) ny+b(XaY) Uyy+C(X7Y) Ux+d(XaY) Uy

+e(x,y) U+ f(x,y) =0,

where a, b, h, and c, d, e, f are functions of x and y.

(And at least one of the second-order coefficients a(x,y), b(x, y), or
h(x,y), is not identically zero.)
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Variable-coefficient Euler PDE:

Definition
The generalized (2-dimensional) variable-coefficient Euler PDE
(with non-linear source) is

a(x,y) U +2h(x,y) Uqy + b(x,y) Uy, = F(x,y, U, Uy, Uy),

where a, b, are functions of x and y, and F is a function of its indicated
arguments.

(And at least one of the second-order coefficients a(x, y), b(x, y), or
h(x, y), is not identically zero.)
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Variable-coefficient Euler PDE:

Theorem

In 2 dimensions, as long as the 2"-order coefficients a(x,y), h(x,y),
and b(x,y) are not all zero, then you can always divide the plane into
disjoint regions in each of which you can, by change of independent
variables, bring the generalized variable-coefficient Euler PDE

a(x,y) U +2h(x,y) Uxy + b(x,y) Uy, = F(x,y, U, Uy, Uy),

into the form y
U)‘o? +e€ Uyy = F()_(,_)7, U, U)-(, Uy),

where e = +1 or 0, and F is a function of its indicated arguments.
Furthermore

e = sign [a(x, y) b(x,y) — h(x,y)2] .
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Variable-coefficient Euler PDE:

Theorem

If you want to consider a two dimensional region where (ab — h?) changes
sign, the trick is to use (ab — h?) as one of your new coordinates, say X.
Then 5

Uzz + X Upy = F(x,y, U, Us, Uy),

which is Tricomi's equation with a nonlinear source.

Thus in two dimensions the second-derivative part of the general
variable-coefficient Euler equation has been reduced to a very small
number of standard cases:

e — Wave equation (with nonlinear source).
e — Laplace’s equation (with nonlinear source).
e — Parabolic equation (with nonlinear source).

o — Tricomi's equation (with nonlinear source).
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Separation of Variables:

Separation of variables
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Separation of Variables:

Basis functions:

| Name | Wave | Heat | Laplace |
Equation Usse = Ut Usx = Uy Uxx + Uy, =0
Ansatz X(x)T(t) X(x)T(t) X(x)Y(y)
X'T=XT" | X'T=XT" | X'Y+XY" =0
sov | F-T-0 | §-F- -y
X = cos(kx + ¢) | X = cos(kx + ¢) | X = cos(kx + ¢)
T =cos(kt +x) | T =exp(—k?t) | Y = cosh(ky + x)

(For generality, k is either pure real or pure imaginary.)
General solutions:

Wave u(x, t) =, Apcos(knx + ¢p) cos(knt + Xn)
Heat u(x,t) =Y, Ancos(knx + ¢n) exp(—k3t)
Laplace || u(x,y) =), Ancos(knx + ¢n) cosh(knt + xn)

(No boundary conditions have yet been used.)
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Separation of Variables:

It is only once you add some of the BCs/ICs that the k, are determined.
For example:

@ Dirichlet conditions in the x direction:

u(0,0) =0 =u(L,e) = X(0)=0= X(L)

= cos(¢p) =0=cos(knl +¢) = o= % knl = nm;
nm nmx
= kn = T, (X) = SIn (T)

Wave u(x,t) =Y, sin (%) {Ancos (“78) + Bysin (27%) }

Heat u(x,t) =3, Ansin (") exp(— 2”2 t)

Laplace || u(x,y) =Y, sin (27%) {Ancosh ("7~) + Businh (7£) }
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Separation of Variables:

Remaining BC (some examples):

WaVe U(X7 0) = Zn An Sin (nLLX)

Wave | ug(x,0) =3, 2Ba sin (2X)

Heat u(x,0) =3, Apsin (nLLX)

Laplace || u(x,0) =", Apsin (Z)

Laplace || uy(x,0) =3, B sin (27X)

Apply Fourier sine series...

(Could also apply 2-point BCs in y direction.)
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Separation of Variables:

It is only once you add some of the BCs/ICs that the k, are determined.

For example:

@ Neumann conditions in the x direction:

0,0) =0 = uy(L,

o) =  X(0)=0=X(L)

= sin(¢p) =0=sin(kyl+¢) = ¢=0; kyL=nm;
= k,,:TW; X(x) = cos <T>
Wave u(x, t) = >, cos (%) { Ay cos (") + Bysin (274) }
Heat u(x,t) =Y, Apcos (17*) exp(— Lzzt)
Laplace | u(x,y) =, cos ("7*) {A,cosh ("1X) + Bysinh (")}
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Separation of Variables:

Remaining BC (some examples):

Wave U(X7O) = Zn A” Cos (MTX)

Wave || ue(x,0) =3, 2Bn cos (22x)

Heat u(x,0) =, Ancos (MTX)

Laplace u(x,0) = >, Ajcos (T)

Laplace || uy(x,0) =3, 2B cos (77%)

Apply Fourier cosine series...

(Could also apply 2-point BCs in y direction.)
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Separation of Variables:

It is only once you add some of the BCs/ICs that the k, are determined.
For example:

@ Mixed conditions in the x direction:

uy(0,0) =0 =u(L,e) = X'(0) =0= X(L)
= sin(¢p) =0=cos(knl+¢) = ¢=0; kL= <n + %) T,

(2n+ 1) B (2n+ 1)mx
= kn = ERCTR X(x) = cos (T)

W u= Zn cos (%) {An cos ((2n-£L1)7rt> + B, sin <(2n—£—l})7rt>}
22

H u=>", A,cos (—(2";})”) exp(— ()7 t)

o= o () [pocn (2577 + o (2557}
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Separation of Variables:

Remaining BC (some examples):

Wave u(x,0) = 3, An cos ( C5)
Wave || u(x,0)=>", (2n+1)7an os ((2"—51]__)70()
Heat u(x,0) = 32, An cos (225 )
Laplace u(x,0) = >, Ancos (%#)
Laplace || u,(x,0)=>", (2"+21L)7an cos ((2n—|2-i)7rx>

Apply Fourier cosine series...
(Could apply 2-point BCs in y direction.)
(Could apply even messier 2-point Robin BCs in y direction.)
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Fourier series:

Fourier series
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Fourier series:

General Fourier series:

f(x) = [An cos(mnx/L) + By sin(wnx/L)].

n=0
1 [Tt
Ao = — f .
0= o] ., (x) dx
1 [Tt
Anso = T / cos(mnx/L) f(x) dx.
—L
By =0.
1 +L
Bpo = L/ sin(mnx/L) f(x) dx.
—L
Periodic on [—L, L].
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Fourier series:

Orthogonality:

+L
/ cos(mnx/L) cos(mmx/L) dx = L (0mn + Omo dno)
—L

+L
/ sin(mnx/L) sin(mmx/L) dx = L (dmn — Omo dno)
-L

+L
/_L sin(mnx/L) cos(mmx/L) dx =0

+L
/ cos(mnx/L) sin(mmx/L) dx =0
-L

1if m=n;
0if m# n.
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Fourier series:

Theorem (Fourier’'s general theorem:)

Suppose that the functions f(x) and f'(x) are both piecewise continuous
on the interval —L < 0 < L, then:

e f(x) has a Fourier series whose coefficients are determined by the
Euler—Fourier formulae above.

o The Fourier series converges to f(x) at all points where f(x) is
continuous.

o The Fourier series converges to 3[f(xT) + f(x~)] at points of
discontinuity.
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Fourier series:

Theorem (Fourier sine theorem)

If f(x) is piecewise continuous, with piecewise continuous derivatives,
then the Fourier sine series

(e.9]

i ; —g +Lsin wnx x) dx;
f(x):nzzzl[B,,sm(ﬂnx/L)], B, = L/o (mnx/L) f(x) dx;

converges for all values of x in the interval [0, L]. Furthermore:

i. If x is a point in (0, L) where f(x) is continuous, then the series
converges to f(x).

ii. If x is a point in (0, L) where f has a discontinuity, then the series
converges to

1 _
E[f(x+) + f(x7)].

iii. At the points x = 0 and x = L, the series converges to 0.
[Not to f(0) and f(L).]
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Fourier series:

Theorem (Fourier cosine theorem)

If f(x) is piecewise continuous, with piecewise continuous derivatives,
then the Fourier cosine series

[e's) 2 +L
f(x) = [Ancos(mnx/L)];  Anso = T /0 cos(mnx/L) f(x) dx;
n=0

1 +L
Ao = —/ f(x) dx;
L Jo

converges for all values of x in the interval [0, L|. Furthermore:

i. If x is a point in (0, L) where f(x) is continuous, then the series
converges to f(x).

ii. If x is a point in (0, L) where f has a discontinuity, then the series
converges to 3[f(x*) + f(x7)].

iii. At x =0 and x = L, the series converges to f(0) and f(L).
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Fourier series:

o In lectures we proved (Kreyzig) that if f(x) is C? and periodic with
period 2L then there is a constant K such that

K K
[Anl = 50 [Bal = 5.

o In tutorials we proved that if f(x) is C° then there is a constant K
such that
(Yes, we did prove this, think about it.)

o In homework you will (hopefully) have proved that if f(x) is C*
and periodic with period 2L then there is a constant K such that

K K
[Anl = %0 1Bl = 1
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Fourier series:

@ In homework you will (hopefully) have proved that if P(x) is a
polynomial in x then the Fourier coefficients

An(P) and B,(P) are polynomial in 1/n.

@ It is extremely common for the Fourier coefficients A, and B, to be
ratios of polynomials (rational polynomials) in n.

_‘57.'%_
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